As an application of the dual equivalence between the category of L-spatial C-objects and the category of L-sober C-M-L-spaces, it is shown in this paper that for a fixed augmented partially ordered set A, there exists a dual equivalence between the category of A-spatial augmented partially ordered sets and the category of A-sober A-valued spaces. Then, with regard to this duality, for a fixed (Z 1 , Z 2 )-complete partially ordered set L, we establish a dual equivalence between the category of L-spatial (Z 1 , Z 2 )-complete partially ordered sets and the category of L-sober L-valued Q-spaces.
Introduction
The famous adjunction Ω ⊣ P t between the category Top of topological spaces and the opposite Loc of the category Frm of frames [16, 17, 19] , known as Papert-Papert-Isbell adjunction [24] , and its various generalizations in fuzzy set theory have received much attention during the last three decades [2, 3, 4, 5, 14, 17, 20, 23, 24] . Also see [4, 24] for many other references not included in this paper. An abstract categorical analogue of Papert-PapertIsbell adjunction, replacing Loc with the opposite C op of an abstract category C, and Top with the category C-M-L-Top of C-M-L-spaces, is formulated to be the adjunction LΩ M ⊣ LP t M : C op → C-M-L-Top in [5] . As a natural categorical generalization of the famous equivalence between the full subcategory of Loc of all spatial locales and the full subcategory of Top of all sober topological spaces [16, 17] , the adjunction between C-M-L-Top and C op is also refined to a dual equivalence between the full subcategory L-Spat-C of C of all L-spatial objects and the full subcategory C-M-L-SobTop of C-M-L-Top of all L-sober objects in [5] .
Partially ordered set (poset for short) with the additional information of certain specified joins and meets has been a significant issue in order theory, algebra, computer science and topology, see [4, 7, 8] and the references therein. There are two main approaches: The first one involves the notion of augmented poset, proposed by Banaschewski and Bruns [2] , while the second one relies on the notion of Z-complete poset [7] . Augmented posets constitute a category P. The adjunction T ⊣ Ψ : P op →S between the category S of spaces and the opposite P op of P and is one of the central results of [2] , and the dual equivalence between the full subcategory SpaP of P of all spatial objects and the full subcategory SobS of S of all sober objects is another one. The second approach uses the notion of subset selection [6, 7] , that is, a rule Z assigning to each partially ordered set (poset for short) P a subset Z(P ) of the power set P(P ) of P , and is extended to the framework of (Z 1 , Z 2 )-complete posets in [4] . Here the subset selection generalizes the notion of subset system [6] , originally introduced by Wright et. al. [25] . For a quadruple Q = (Z 1 , Z 2 , Z 3 , Z 4 ) of subset systems Z 1 , Z 2 , Z 3 and Z 4 , (Z 1 , Z 2 )-complete posets and (Z 3 , Z 4 )-continuous functions form a category QP [4] . Q-spaces and their category QS have been introduced in [4] as a topological counterpart of QP. Furthermore, by establishing two full embeddings G Q : QP→P and H Q : QS →S, it is demonstrated in [4] that the first approach is categorytheoretically more general approach than the second one, while the latter yields feasible results in applications. Despite the fact that both approaches provide useful and powerful tools to unify various kinds of generalized topological spaces under the same framework, they are inadequate to handle the problems related with the poset-valued extensions of such generalized topological spaces resulting from the essence of fuzzy set theory. To overcome this shortcoming, we introduce poset-valued spaces and poset-valued Q-spaces, and extend all central results of [2, 4] to the present approach. More specifically, referring to a fixed augmented poset A and a fixed (Z 1 , Z 2 )-complete poset L, we extend S and QS to the category A-S of A-valued spaces and the category L-QS of L-valued Q-spaces, respectively. Then, we apply the adjunction LΩ M ⊣ LP t M to augmented posets and A-valued spaces, and obtain the adjunction AT ⊣ AΨ : P op → A-S as a generalization of T ⊣ Ψ : P op →S in Theorem 16. The dual equivalence between the full subcategory of P of all A-spatial augmented posets and the full subcategory of A-S of all A-sober A-spaces is proven to be an instance of the equivalence between (LSpat-C) op 
S and the opposite of (Z 1 , Z 2 , Z 1 , Z 2 )P and a dual equivalence between L-QP s and the full subcategory of L-QS of all L-Q-sober objects. In order to show the usefulness of the presented results, we give their direct applications to some familiar order-theoretic categories in Corollary 32.
Categorical fixed-basis fuzzy topological
spaces and their duality
The category-theoretic fixed-basis fuzzy topological spaces
To introduce fixed-basis fuzzy topological spaces in an abstract category C and their category, we begin with necessary category-theoretic preliminaries, and refer to [1, 13, 18] for all other notions, notations and facts from category theory. First of all, we assume C as an abstract category with products, and fix a C-object L and a class M of Cmonomorphisms. Whenever further assumptions on C, L and M are necessary, they will be clearly mentioned. Given a set X, 
Note that all constructs C in Example 3 below satisfy the hypothesis of Proposition 1. For the particular case C = Set and L = 2, f
corresponds to the traditional backward (preimage) powerset operator f ← : P(Y ) → P(X) in the usual sense [21] , where P(X) stands for the powerset of X. However, neither the traditional forward (image) powerset operator f → : P(X) → P(Y ) nor its lattice-valued generalizations in [20, 21, 22] have a category-theoretic counterpart in C.
Definition 2. [5] C-M-L-Top is a category whose objects (the so-called C-M-L-spaces) are pairs
, consisting of a set X and
and whose morphisms
C-M-L-Top unifies most of the categorytheoretic approaches to the fixed-basis fuzzy topological spaces. To show its value and usefulness, we gathered some familiar cases of C-M-L-Top in the following example. [14] .
Example 3. Along this example, C is assumed be a construct, while M C always denotes the class of all C-morphisms m : A → B such that |A| ⊆ |B| and |m| : |A| → |B| is the inclusion map. (i) For C chosen as the category CGR of complete groupoids in [14], C-M C -L-Top is isomorphic to the category L-TOP of L-valued topological spaces in
(ii) For C chosen as the category CQML of complete quasi-monoidal lattices in [15] [15] .
(iii) For C chosen as the category SQuant of semi-quantales in [22] [22] .
(iv) For C chosen as the category USQuant of unital semi-quantales in [22] [22] .
(
v) For C chosen as a variety VR (i.e. a full subcategory of the category Alg(Ω) of Ω-algebras
and Ω-homomorphisms closed under the formation of products, subalgebras and homomorphic images [23] [23] . In particular, if C is taken as the variety SFrm [22] of semiframes or the variety Frm [17] of frames, then C-M C -2-Top is isomorphic to the category Top of topological spaces in the usual sense.
An adjunction between C-M-L-Top
and
is a pair of C-morphisms classes satisfying the following conditions [5] :
The only difference between an essentially (E, M)-structured category and an (E, M)-structured category in [1, 13] is the lack of the closedness of both E and M under the composition with isomorphisms in the former. If we reconsider Example 3, then for the class Surj(C) of C-morphisms with surjective underlying functions, all constructs C in Example 3 are essentially
is an adjoint situation for some η and ε. Two categories A and B are equivalent, A∼B in symbols, iff there exists an adjoint situation (η, ε) : F ⊣ G : A → B with natural isomorphisms η and ε. Furthermore, we use the notation A =B whenever A and B are isomorphic categories.
Proposition 4. [5] The class-theoretic function
is a functor.
In the rest of this section, we assume that C is essentially (E, M)-structured, and
Proposition 5. [5] The class-theoretic function
) and
Applications to augmented posets

Category of augmented posets
An augmented poset is a triple A = (|A| , JA, MA), consisting of a poset |A|, a subset JA of P(|A|) in which each member has the join in |A| and a subset MA of P(|A|) in which each member has the meet in |A|. Augmented posets together with structure preserving maps constitute a category P [2] . A structure preserving map h : A → B here means a monotone map h : |A| → |B| such that h (S) ∈ JB and h (
. P has products. In particular, for each set X and an augmented poset A, the X-th power of A is the augmented poset A X such that A X = |A| X , JA X is the set of subsets S ⊆ |A| X with the property that π x (S) ∈ JA for all x ∈ X, and analogously for MA X . Due to the terminology of Goguen [12] , the elements of |A| X are called |A|-sets, generalizing the fuzzy sets [26] to the case that the truth-value structure is an augmented poset.
Category of poset-valued spaces and its duality
Spaces form a category S [2] whose morphisms f :
In the following considerations, we fix an augmented poset A, and extend the category of spaces to the category of A-valued spaces. Note first that for a function f :
Definition 11. The category A-S consists of the following information: Objects are A-valued spaces (A-spaces for short), i.e. quadruples Z =(|Z|,
O A (Z), Σ A (Z), ∆ A (Z)), where |Z| is a set, O A (Z) is a subset of |A| |Z| , Σ A (Z) is a set of subsets U ⊆ O A (Z) such that U ∈ JA |Z| and ∨ U ∈ O A (Z), and ∆ A (Z) is a set of subsets V ⊆ O A (Z) such that V ∈ MA |Z| and ∧ V ∈ O A (Z), while morphisms f : Z 1 → Z 2 are functions f : |Z 1 | → |Z 2 | fulfilling the next properties: (f ← A ) → (O A (Z 2 )) ⊆ O A (Z 1 ), (f ← A ) → (U) ∈ Σ A (Z 1 ) for each U ∈ Σ A (Z 2 ), and (f ← A ) → (V) ∈ ∆ A (Z 1 ) for each V ∈ ∆ A (Z 2 ).
Remark 12. The category A-S can also be equivalently defined by means of the category P of augmented posets as follows. (i) Let Z = (|Z| , O A (Z), Σ A (Z), ∆ A (Z)) be an entity consisting of a set |Z|, a subset
O A (Z) of |A| |Z| , subsets Σ A (Z) and ∆ A (Z) of
P( |A| |Z| ). Then Z is an A-space iff AT (Z) = (O A (Z), Σ A (Z), ∆ A (Z)) is an augmented poset and the inclusion map i AT (Z) : AT (Z) → A
|Z| is a Pmorphism.
(ii) For two A-spaces Z 1 , Z 2 and a map f :
is an A-S-morphism iff the restriction of the P-morphism f
We directly conclude from Remark 12:
Proof. Given a set X, U ⊆ P (X) and Φ ⊆ P(P (X)), let U c denote the set of characteristic functions χ V : X → 2 of all V ∈ U, and
, and F (f ) = f for each f ∈ M or(S), is an isomorphism proving the claim.
Corollary 15. P-M P -2 P -Top = S.
Theorem 16. There exists an adjoint situation
Proof. Let us first show that P is essentially (ExtrEpi, M P )-structured. Let h : U → V be a P-morphism. If we define the augmented poset Imh such that |Imh| is the set h → (U ) equipped with the partial order inherited from V , JImh = {h → (S) | S ∈ JU } and MImh = {h → (S) | S ∈ MU }, then the inclusion map i Imh : Imh → V is a P-morphism. It is not difficult to see that the co-domain restriction of h to h → (U ) is an extremal epimorphism e h : U → Imh in P.
This means that P has (ExtrEpi, M P )-factorizations. On the other hand, since P has pullbacks [2] , and by virtue of [13, 35.4 COROLLARY] , P has the unique (ExtrEpi, M ono)-diagonalization property. Therefore, since M P ⊆ M ono, P has the unique (ExtrEpi, M P )-diagonalization property. Hence, P is essentially (ExtrEpi, M P )-structured. Then, since the hypothesis of Theorem 7 is satisfied for C =P, E = ExtrEpi and M = M P , the adjoint situation in question follows from Theorem 7 and Proposition 13. 
By making use of the definitions of η, ε, LΩ
AT ( Z 1 f −→ Z 1 ) = AT (Z 1 ) (f ← A ) op | AT (Z 2 )
−→ AT (Z 2 ). To clarify the functor AΨ : P op → A-S, we first define, for each augmented poset B, the A-space AΨ(B) by |AΨ(B)| =P(B, A), O
A (AΨ(B)) = {Ψ a | a ∈ |B|}, Σ A (AΨ(B)) = {{Ψ a | a ∈ S} | S ∈ JB} and ∆ A (AΨ(B)) = {{Ψ a | a ∈ S} | S ∈ MB}, where
Definition 17. (i) An augmented poset
) op is an isomorphism in P.
Corollary 18. Let A-SpaP be the full subcategory of P of all A-spatial augmented posets, and A-SobS be the full subcategory of A-S of all A-sober Aspaces. Then, A-SpaP
Proof. Since A-SpaP= A-Spat-P and A-SobS = P-M P -A-SobTop, the required equivalence follows from Corollary 10.
Without going into detail, it is worth to mention here that 2 P -SpaP is the same as the full subcategory SpaP of P of all spatial augmented posets in [2] , whereas 2 P -SobS is isomorphic to the full subcategory SobS of S of all sober spaces in [2] . Thus, the dual equivalence between SpaP and SobS proven in [ A subset selection Z [6, 7] is, by definition, a classtheoretic function sending each poset P to a set Z (P ) of subsets of P whose elements are the socalled Z-sets of P , and is called a subset system [6, 25] if it satisfies the additional property that for each monotone map f :
It is said that a subset selection Z preserves surjectivity if for each surjective monotone map f : P → Q and for each M ∈ Z (Q), there exists at least one N ∈ Z (P ) such that M = f (N ). Throughout this paper, Z and Z i (i = 1, ..., 4) always stand for subset systems if further assumptions are not made explicitly. In this paper, we consider only the subset systems V, F, D, Cn, P, where V (F, D, Cn, P)-sets of each poset P are no subset (finite subsets, directed subsets, countable subsets and all subsets, resp.) of P . Note that all of them but D are surjectivity-preserving.
-complete posets and (Z 3 , Z 4 )-continuous maps constitute a category QP [4] . For the sake of shortness and for any occurrence of Q = (Z 1 , Z 2 , Z 1 , Z 2 ), Q will be replaced by the pair (Z 1 , Z 2 ) in this paper, e.g. (Z 1 , Z 2 , Z 1 , Z 2 )P will be shortly written as (Z 1 , Z 2 )P. As is shown in [4] , most of the familiar order-theoretic constructs can be expressed in the form of QP. Now we give only some examples of QP that will be used subsequently, and refer reader to [4] for many other examples. F, D, F) ), QP is known as the category Pos of posets and monotone maps [1] (the category Blatt of bounded lattices and maps preserving finite joins and and finite meets [2] , the category SUP ∧ of complete lattices and maps preserving arbitrary joins and finite meets [11] , the category MCPos of complete lattices and maps preserving arbitrary meets [1] , the category INF ∨ of complete lattices and maps preserving arbitrary meets and finite joins [4] , the category INF ↑ of complete lattices and maps preserving arbitrary meets and directed joins [11] , the category CLat of complete lattices and maps preserving arbitrary meets and arbitrary joins [1] , the category σComLat of σ-complete lattices and maps preserving countable joins and finite meets [4] , the category QF of quasiframes and Scott-continuous functions preserving finite meets [9] , resp.).
Since the functor G
) and G Q (f ) = f , is a full embedding [4] , P forms a category larger than QP. On the other hand, QP can be viewed as the practically most realizable part of P.
Poset-valued Q-spaces
Definition 20. [4]
The category QS consists of the following data: Objects are Q-spaces (X, τ ), that is, X is a set and τ is a subset of P (X) with the property that τ is a (Z 1 , Z 2 )-complete poset ordered by set inclusion, and the inclusion map
As a natural poset-valued extension of QS, we now introduce, for an arbitrarily fixed (Z 1 , Z 2 )-complete poset L, the category L-QS of L-Q-spaces, and point out in this section that L-QS can be fully embedded into G Q (L)-S. To present L-QS, we should first note that by virtue of Proposition 1, each function f : 
In a similar way to Proposition 14, one can easily observe that 2-QS is isomorphic to QS. The category L-QS enables us to unify the poset-valued extensions of the categories of various notions of spaces: [4] .
(3) For a complete lattice L and Q = (P, F, P, F), L-QS, denoted by L-Top, is an extension of the category Top of topological spaces [1] , and is also known as the category of L-topological spaces [20] .
(4) For a complete lattice L and Q = (V, P, V, P), L-QS, denoted by L-CSp, is an extension of the category CSp of closure spaces [10] .
(5) For a complete lattice L and Q = (F, P, F, P), L-QS, denoted by L-TCSp, is an extension of the category TCSp of topological closure spaces [10] .
(6) For a complete lattice L and Q = (D, P, D, P), L-QS, denoted by L-ACSp, is an extension of the category ACSp of algebraic closure spaces [10] .
(7) For a complete lattice L and Q = (P, P, P, P), L-QS, denoted by L-ATSp, is an extension of the category ATSp of Alexandroffdiscrete spaces [10] . [9] .
It is shown in [4] that the functor
and H Q (f ) = f , is a full embedding. We now extend this result to L-Q-spaces.
Lemma 23. Let X be a set, and let
is a P-morphism. Furthermore, we easily
X is a P-morphism. Then it follows from Remark 12
Then,
X is a P-morphism by Remark 12 (i). To see that (X, τ ) is an L-Q-space, it is enough to confirm that the inclusion map
X is a P-morphism, we have i τ ( Theorem 24 proves that A-spaces provide a more general approach than L-Q-spaces. However, as is exhibited in Example 22, L-Q-spaces produce more efficient and easily realizable results. 
Relations between L-QS and QP
